'MAXIMA/ MINIMA

j SuPPose  f:U=R ANp (Xo.¥e) €U IS INTERIOR,
et W=(wu,) BE A UNIT vecTor. I

£ urs A Local Maxsmin. AT (%o,¥0)

AN (D f) (xoys) ExisTs, Ten (D) (x,v.) =0

IN PaRTicuag, IF —le 151 BoTH CEYIST AT CX»,Y.)
TheN  [L(xys) = fylx¥) =0,

ﬂ&f: IF (x,Yo) 1S A Loca Max. Taed

3 $§>0 1. ¥ (xy) eBS(x.,,y,)
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(x.,v) 15 CAued A CRiTicar PonT o f
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&) ELTHER .{?x,.F,( Ex1ST  AND

‘Fl. ng,Yo) < -‘;CK:,YQ) =0
(> ON& OF ‘Fx (xs, ¥s), 'Fy (X,¥o) Dofs NoT

cxist. (AT UAST ople)

Ie —F: KR 1S codTiNvoos, (K IS Clwsep A

QvouupE‘D) TueN Cl\:ll.?ex’( ‘FCx,y) (Yecp.&\)\\'})n: K—ng“/»
IS ATTAWEP AT A CRITICAL PotNT OF
K, oR AT A ®ounpary PoNT ©OF K,
f:UsR AND Pel 15 A CRTicAL PonT

We Say Tuat P us A Sawee Powt e

N Erck B (P)NU, Tuere Exist Ponlts

Q,,Q, € BNV 5T

£Q) < £(P) < £eqy.



DETeRMNWG MaX /M

Qived  L:U>R, aip A camear  PoiT
(o) FoR £

How Do We DeTeRMiNE [F TS IS A
PoiNT ofF Lowrt MAX. 0f LocaL MWMA?
SECoND  DERIVATIVE  TEST
SuPmesiE  ALL Tue SEconp ORPER  PARTIAL
DERIATVES 0F £ Ex8T AT  (¥o,Ys)

(vie. ’Fxx, ﬁy) 'Fm "\Y‘I)

WE DewoTe BY A{(x.,Ya), THe HesswaN
o £ at (x.,¥0) -

Af(,Yo) 1= [falwr) Loy (6,50) }
{3& (XD) VD) {.53 (x% Yo)

- Qcm {;3 — ,Fw ’(:n ) (u Yo). (22 vmm:m'r)




(CAAD.

N\ 2

Sufposs  f: U->IR (Ver) awp (x,%) X
AN NTER0R  PoT. Sorpose Lo, f, 1(’”
EXsT Asp ARE CoNTiNvous ON BSCX.,,Y.)
Fok SoMs S>o. SuPPose  FuRTHER TEAT
) N[ f (2,v0) = (0,0). THEN

@ f Has A Locat  MaamoM AT (X Yo)
P Lo, (¥ <0 &> AL (x,y,) >0, (Hessun)
) 1C HAs A LlocaL MwWiMuM AT (XY
IF £ (x,%) >0 AD DFf(x,ys) >0
diy £ tas A Saope PomT AT (Xo,Yo) IF
N (. ¥e) <O,

IF Df(x,,¥:) =0, THEN No DeRNITE
CoNcwaoN CaN BE  DPRAWN_ (N THIS CASE

ONE HAS To TRY SOMETHING ELSE.




EXAMPLE

£0x,Y) = fxy —x*-y' Fwp Max/uw
fo = s -1x* {5 Lx-py’
£ 6 Dk Evegmwaere. (U =RY)
CReicaL  Pom : Y= Xt X‘-‘-Yn’
N LR AER A AT BY:
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F&x = =l2x, = '12\{ 'F
Nf = {—lzx ‘l'

y Y
AT (o) = Af = —l6 3 (o,0) 1S SADDLE
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(L) = Af = 12e>0 ~(7,x7 =-12<0
Xz
3 (K1) i locaL MAx,
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MAY /MIN WITH CONSTRAINTS

Tae METHoD oF LAGRANGE MULTIPUERS

CoNSIDER Twe FouowWmNd  PRoBLEMYS :

|nd Filp TuE ClosestT PodT on The PLANE
LA+ Y-22 =5 To THe ORIGIN.

P 4 satewrte (N THE SHAPE OF THE ELuPpsoD
Lx"t Y ¢ 12" = |6 ENTERS THE EARTHS SURFACE
AND TS SURFACE BEGINS To HEAT. THE TEMPERATWRY
ON Tue Surface AT (x,Y,2) 1S Guwed  BY
Tls,Y,2) = €X' + XY2 —l62 +6o0  CELSIVS,

Wtick (s THE doTTesT PoiNT oN THE SATELUTE?
These RogleMs ARE INSTANCES OF CoNSTRAmED
MAx/MIN  ProBLEMS,

Finp Max  f(x,y,£), SestecT  To

ﬁ(x)y) z) = O.




EXAMPLE :
FIND Max X+Y SuUB3ecT To

X ey*=l.
0fTMAL() LEVEL

NoTe THAT AT THE b% vRVEs

MAaxmAL VALE of X+Y, \

LS
THE CONSTRMNT AND ThE LEVEL
CORVE ‘Xx+Yy’ ARE “TANGENTIAL .

LET (oY) €R, AND

£, 9 By (xe,y.) R satisFyma
. _(xn[,) 9, Gy PR CoNTINvO vs AT (X,Y,),
* g0ey)=0 , Y4 (%) # (o)
e £ HAs A LocAL EXTREMUM AT (., ¥o) WHEN
REsTRicTED To THE LEVEL CURVE

& - {Cx,v)l ﬁéx,y)=°},

Tren
VExo, %) = AVg(ry) poR Some

AeR.



FoR THE PRoBLeM
Max/M  fLixy)  Supgeer  To
4 (x,Y) 20, (oNSIDER
Flx,v2) = £xy) = Aglxy).
= {(xe,Yo) | VE(xoye) = (0,00}
= {(x,v,)( 4ex,y) =0 A { (xy) OR f,(x,v)
DNE  orR V9(x,y.) = (o,o)}.
CecK ALL Pomnte IN  S,US, FoR  Max/MIN
VaLues.
E|XAM><€YL+€S SupTect To LX+Y-3Z =5
fiy,2) = X Ty -fZ a(xY,2) = 2x+Y-32-5
F= f - g (F‘:F(x,y,a;)\))
OF -0 2 2x -1 =0; 9F-p3 2V-2r =0

ax
2F -0 3 22+31 =0 OF _py
(D)

Bt
Lx+Y-32 =5,
X=2,Y=2 z=-3\ o D 4D =53
(2 Z 2 5
7



" Max. T5Y.2) = 8X + XYz —l62 +600 SUBTECT
To Lx¢Y'+pz =16

f = 8')<L+ XYz —lé2Z +éoo, gs LE)‘L-FYx-th'?-L—"é
F=f —-9\3 (F(xy,3, )

VE = (lxevs, xz, xy-1)

Vs = (#x, 2Y 2) = (0,0,0) I X=Y¥=235=0

fuip  9F 9F 9F JF _p , Avp SoLue.
) — ) —_— ) e—_
X Jy  Br ¥



L’NLTIPLE CONSTRAINTS

Max f(xy2) SuBTECT To

%.(X,Y,%) =0, az,(x)y/{é).—.o/ - -, ?P O(}Y)Z) = 0.

(N THIS CASE WE CONSIDER

F(x,y,z;%l,?lw-/l{,) c = .F - 7\,3, -2, 4,— - -—AP 9’)
TheN Wi [RoceeDp As IN THE  SINGs
CoNSTRAMNT  CASE.

P M. XY 2T SUBTecT o X+Y+E=l  AND

2rX+2Y¢2Z2=6.

f= x« th%k, 4= XtYtE A, 4,7 Ix+AY+ 24

\7 = [&F - (| = [3
Rt e
2 ! |

Frzf-2M-pgs.
set VP :(0,0,0,0) AlD Sove FoR

(x,v,2,2, /‘*) . (GXEROSE)




MAX /MIN ON BOUNDED
REGIONS

EXAMPLE : FINp  ALL TRIANGLES IN  WHiCH

THE ProoucT OoFf Tue SIWES OF THE ANGLES

1S MAXIMUM.

1e Tue ANGLEsS ARE XY, Ti-(x+¢¥Y), We WISH

To MAXMIZE

«f(x,x() = SmXSnY sim(xtY) IN THE REGION

R= {(x,¥)|0< X, Y<K, 0<x€Y < 7‘} ,

(onsiDER R = { (0] 0 x,Y<®, 05 xeY 57}
R 15 cusen (WRY? Provel), mp f i
DIFFERENTIARLE IN R ANp  (CoNTINUDUE ON 72
(Wiy 2 CHECK)

o - siw[ Qs XS (K4Y) + Sin X hs(X*ﬂ]

¥

= st sin(zx+Y)=0,

SMiLaRLY ?J =0 9 Swm X sin(x-ﬂ‘l) z 0.
oy

CHeck THAT g,’r,\l) 1S THE oy PowT oOf
MAIMOM w R, ~ 2 2 (ExERCIsE)




